Abstract. If G is a group which admits a manifold model for BG then G is a Poincaré duality group. We study a generalisation of Poincaré duality groups, introduced initially by Davis and Leary in [16] , motivated by groups G with cocompact manifold models M for EG where M H is a contractible submanifold for all finite subgroups H of G. We give several sources of examples and constructions of these Bredon-Poincaré duality groups, including using the equivariant reflection group trick of Davis and Leary to construct examples of Bredon-Poincaré duality groups arising from actions on manifolds M where the dimensions of the submanifolds M H are specified. We classify Bredon-Poincaré duality groups in low dimensions, and discuss behaviour under group extensions and graphs of groups.
Introduction
A duality group is a group G of type FP for which
where n is necessarily the cohomological dimension of G. The name duality comes from the fact that this condition is equivalent to the existence of a ZG module D that gives an isomorphism
for all i and all ZG-modules M . It can be proven that, given such an isomorphism, the module D is necessarily H n .G; ZG/. A duality group G is called a Poincaré duality group if in addition
These groups were first defined by Bieri [4] , and independently by Johnson and Wall [33] . Duality groups were first studied by Bieri and Eckmann in [6] . See [14] and [5, Chapter III] for an introduction to these groups.
If a group G has a manifold model for BG then G is a Poincaré duality group. Wall asked if the converse is true [58] -the answer is no as Poincaré duality groups can be built which are not finitely presented [13, Theorem C]-but the question remains a significant open problem if we include the requirement that G be finitely presented. The conjecture is known to hold only in dimension 2 (see [21] ).
Let R be a commutative ring. A group G is duality over R if G is FP over R and
and G is Poincaré duality over R if
An analog of Wall's conjecture is whether every torsion-free finitely presented Poincaré duality group over R is the fundamental group of an aspherical closed R-homology manifold [14, Question 3.5] . This is answered in the negative by Fowler for R D Q (see [26] ), but remains open for R D Z.
We study a generalisation of Poincaré duality groups, looking at the algebraic analog of the condition that G admits a manifold model M for EG such that for any finite subgroup H the fixed point set M H is a submanifold. Here EG refers to the classifying space for proper actions of G, this is a G-CW complex X such that for all subgroups H of G, X H is contractible if H is finite and empty otherwise. Such spaces are unique up to homotopy equivalence and we denote the minimal dimension of a classifying space for proper actions by gd G. The cohomology theory most suited to the study of proper actions is Bredon cohomology. For instance, writing cd G for the Bredon cohomological dimension, Lück and Meintrup have shown that gd G D cd G except for the possibility that cd G D 2 and gd G D 3 which Brady, Leary and Nucinkis have shown can occur [9, 41] . The Bredon cohomology analog of the FP condition will be denoted FP.
If G admits a cocompact model M for EG then G is FP. Also if for any finite subgroup H the fixed point set M H is a submanifold, we have the following condition on the cohomology of the Weyl groups W H D N G H=H :
See [16, p. 3] for a proof of the above. Building on this, in [16] and also in [43, Definition 5 .1] a Bredon duality group over R is defined as a group G When we want to emphasize the group G, we will write n H .G/ instead of n H . Furthermore, G is said to be Bredon-Poincaré duality over R if for all finite subgroups H , H n H .W H; ROEW H / D R:
We say that a Bredon duality group G is dimension n if cd G D n. Note that for torsion-free groups these reduce to the usual definitions of duality and Poincaré duality groups. One might generalise Wall's conjecture: Let G be Bredon-Poincaré duality over Z such that W H is finitely presented for all finite subgroups H . Does G admit a cocompact manifold model M for EG? This can be seen to be false by an example of Jonathon Block and Schmuel Weinberger in [7] , suggested to us by Jim Davis.
Theorem 4.6. There exist examples of Bredon-Poincaré duality groups over Z such that W H is finitely presented for all finite subgroups H , but G does not admit a cocompact manifold model M for EG.
If G is Bredon-Poincaré duality and virtually torsion-free then G is virtually Poincaré duality. Thus an obvious question is whether all virtually Poincaré duality groups are Bredon-Poincaré duality; in [16] it is shown that this is not the case for R D Z. An example is also given in [43, Section 6] which fails for both R D Z and for R D F p , the finite field of p elements. One might also ask if every BredonPoincaré duality group is virtually torsion-free but this is also not the case, see for instance Examples 4.5 and 4.18. In [29, Theorems D,E] Hamilton shows that, over a field F of characteristic p, given an extension of a torsion-free group of type FP 1 by a finite p-group, the resulting group will be of type FP 1 (by examples of Leary and Nucinkis, an extension by an arbitrary finite group may not even be FP 0 ; see [38] ). Martínez-Pérez builds on this result to show that if G is assumed Poincaré duality then is Bredon-Poincaré duality over F with cd F D cd F G. However her results do not extend to Bredon duality groups.
Given a Bredon duality group G we write V.G/ for the set V.G/ D ¹n F W F a non-trivial finite subgroup of Gº Â ¹0; : : : ; nº:
Example 8.7. There exist Bredon duality groups with arbitrary V .G/.
In Section 5 we build Bredon-Poincaré duality groups with a large class of vectors V.G/, however the following question remains open: Question 1.1. Is it possible to construct Bredon-Poincaré duality groups with prescribed V .G/?
One can show that for an R-torsion-free Bredon-Poincaré duality group, one has n 1 Ä cd G (recall n 1 is the integer for which H n .G; RG/ Š R) and also, if R D Z, then n 1 D cd Q G (Lemma 3.2). Thus the following question is of interest: Question 1.2. Do there exist Bredon duality groups with cd G ¤ n 1 ?
Examples of groups for which cd Q G ¤ cd Z G are known [38] , but there are no known examples of type FP 1 . This question is also related to [43, Question 5.8] where it is asked whether a virtually torsion-free Bredon duality group satisfies cd G D vcd G.
Section 4 is devoted to sources of examples of Bredon duality and BredonPoincaré duality groups. In Sections 4.1 and 4.3 we look at examples arising from actions on manifolds and from actions on homology manifolds. Using Smith theory we show that if a Bredon-Poincaré duality group over F p arises from an action on an F p -homology manifold then n n H is even for any finite p-subgroup H of G (Corollary 4.14). In Section 4.4 we show that any one-relator group G with H 1 .G; ZG/ D 0 is Bredon duality, and in Section 4.6 we show that any elementary amenable group of type FP 1 is Bredon duality.
Section 6 is a study of Bredon duality and Bredon-Poincaré duality groups in low dimensions. We classify Bredon duality groups of dimension 0, partially classify those of dimension 1 and discuss the dimension 2 case.
In Section 7 we show that being Bredon duality, or Bredon-Poincaré duality, is preserved under direct products (Proposition 7.1), and that given any group extension G with finite kernel and quotient Q, G is Bredon duality (respectively Bredon-Poincaré duality) if and only if Q is Bredon duality (respectively BredonPoincaré duality).
One might hope to give a definition of Bredon-Poincaré duality groups in terms of Bredon cohomology only; we do not know if this is possible but we show in Section 9 that the naïve idea of asking that a group be FP with
is not the correct definition, where in the above H i F denotes the Bredon cohomology and R is the constant covariant Bredon module (these will be defined in more detail in Section 2). Namely we show in Theorem 9.6 that any such group is necessarily a torsion-free Poincaré duality group over R.
A review of finiteness conditions in Bredon cohomology
This section contains a review of Bredon cohomology and finiteness conditions in Bredon cohomology.
Fix a group G and commutative ring R, and let F denote the family of all finite subgroups of G. The orbit category, denoted O F G, is the small category whose objects are the transitive G-sets G=H for H 2 F and whose arrows are all G-maps between them. Any G-map G=H ! G=K is determined entirely by the image of the coset H in G=K, and H 7 ! xK determines a G-map if and only if
A Bredon module is a contravariant functor from O F G to the category of left R-modules. As such the category of Bredon modules is abelian and exactness is defined by evaluation. If 1 and 2 are G-sets then we denote by ZOE 1 ; 2 the free abelian group on the set of all G-maps 1 ! 2 . If K 2 F, the Bredon module ROE ; G=K defined by ROE ; G=K.G=H / D R˝ZOEG=H; G=K is free, and taking direct sums of these gives all free Bredon modules. Using these one can show that the category of Bredon modules has enough projectives.
Although we will rarely need them, in fact only in Section 9, one can also define covariant Bredon modules as covariant functors from O F G to the category of left R-modules. As in the contravariant case the category of covariant Bredon modules is abelian and exactness is defined by evaluation, but the free covariant Bredon modules are direct sums of the module ROEG=K; , defined by ROEG=K; .G=H / D R˝ZOEG=K; G=H :
If M and N are Bredon modules then we let Mor F .M; N / denote the R-module of Bredon module homomorphisms between M and N -the natural transformations from M to N . Similarly one can define the group of Bredon module homomorphisms between covariant Bredon modules. Given a Bredon module M and a covariant Bredon module A the tensor product, denoted M˝F A, is
where˛ .m/˝a m˝˛ .a/ for all morphisms˛W G=H ! G=K in O F G, elements m 2 M.G=K/ and a 2 A.G=H /, and G=H; G=K 2 O F G. A Bredon module M is said to be finitely generated if it admits an epimorphism
with I a finite set, is said to be FP n if it admits a projective resolution which is finitely generated in all degrees Ä n and is said to be FP 1 if it is FP n for all n. The Bredon projective dimension of a Bredon module M is the shortest length of a projective resolution of M . We denote by R the constant Bredon module on R, sending G=H to R for all finite H and sending all morphisms to the identity. A group G is FP n if R is FP n and the Bredon cohomological dimension of G, denoted cd G, is the Bredon projective resolution of R. A group is FP if it is FP 1 and has cd G < 1. If we need to emphasize the ring R then we write cd R and "FP n over R".
The Bredon cohomology of a group G with coefficients in a Bredon module M is defined to be
where P is a projective resolution of R. The Bredon cohomological dimension can then be restated as
If A is a covariant Bredon module then the Bredon homology of G with coefficients in A is defined as
One can define flat modules and the Bredon homological dimension, but we will not require these. Note that asking for W K to be FP n is equivalent to asking that the normalisers N G K are FP n or that the centralisers C G K are FP n .
Many results about finiteness in ordinary group cohomology carry over into the Bredon case, for example in [46, Section 5] , a version of the Bieri-Eckmann criterion is proven (see [5, Section 1.3] for the classical case).
Finally, we need the following two easy lemmas. To prove the first lemma, it suffices to tensor by R a suitable projective resolution of Z.
A group G is R-torsion-free if the order of every finite subgroup of G is invertible in R. Using Cauchy's theorem [53, Theorem 1.6.17] this is equivalent to the order of every finite order element being invertible in R.
Proof. For any finite subgroup H of G, evaluating ROE ; G=H at G=1 gives the permutation module ROEG=H and the natural projection RG ! ROEG=H is split by the map
Therefore evaluating any projective Bredon module at G=1 gives a projective RG-module. The result follows by evaluating a length n projective resolution of R at G=1, where n D cd R G. Observing that if an abelian group M is Z-flat then M˝R is R-flat completes the proof.
Lemma 3.2. If G is R-torsion-free and Bredon duality of dimension n over R then n H D cd R W H and n 1 Ä n.
To prove the lemma we need the following proposition, an analog of [12, Proposition VIII.6.7] for arbitrary rings R and proved in exactly the same way.
Proof of Lemma 3.2. If G is R-torsion free then for any finite subgroup H ,
by Lemma 2.4 and N G H is FP 1 over R by Lemma 2.2. Since
In the proposition below Fcd G denotes the F-cohomological dimension introduced in [49] and Gcd G denotes the Gorenstein cohomological dimension, see for example [2] .
This proposition implies that if the group G is Bredon-Poincaré duality over R then Gcd G D Fcd G D n 1 and if G is also virtually torsion-free then vcd G D n 1 also.
and if G is also virtually torsion-free then vcd G D Gcd G also.
Proof. This proof uses an argument due to Degrijse and Martínez-Pérez in [17] . By [31, Theorem 2.20 ] the Gorenstein cohomological dimension, denoted Gcd G, can be characterised as Gcd G D sup¹n W H n .G; P / ¤ 0 for P any projective RG-moduleº:
As G is FP 1 , we need only check when P D RG. Since Fcd G Ä cd G < 1, we can conclude that Fcd G D Gcd G (see [57, Theorem 3.11] ) and finally for virtually torsion-free groups Fcd G D vcd G (see [44] ).
Examples
In this section we provide several sources of examples of Bredon duality and Bredon-Poincaré duality groups, showing that these properties are not too rare.
Smooth actions on manifolds
Recall from the introduction that if G has a manifold model M for EG such that M H is a submanifold for all finite subgroups H then G is Bredon-Poincaré duality. The following lemma gives a condition that guarantees that M H is a submanifold of M . Locally linear is a technical condition, the definition of which can be found in [15, Definition 10.1.1]; for our purposes it is enough to know that if M is a smooth manifold and G acts by diffeomorphisms then the action is locally linear. The locally linear condition is necessary however-in [16] examples are given of virtually torsion-free groups acting as a discrete cocompact group of isometries of a CAT(0) manifold which are not Bredon duality.
Example 4.2. Let p be a prime, let K be a cyclic group of order p, and let G be the wreath product
Observe that G acts properly and by diffeomorphisms on R p : The copies of Z act by translation along the axes, and the K permutes the axes. The action is cocompact with fundamental domain the quotient of the p-torus by the action of K. The finite subgroup K is a representative of the only conjugacy class of finite subgroups in G, and has fixed point set the line ¹. ; : : : ; / W 2 Rº.
If z D .z 1 ; : : : ; z p / 2 Z p then the fixed point set of K z is the line
Hence R p is a model for EG and, invoking Lemma 4.1, G is a Bredon-Poincaré duality group of dimension p with V D ¹1º.
Example 4.3. Fixing positive integers m Ä n, if G D Z n Ì C 2 where C 2 , the cyclic group of order 2, acts as the antipodal map on Z n m Ä Z n then
But this is exactly the fixed points of the action of C 2 on G, hence
Observe that G embeds as a discrete subgroup of Isom.R n / D R n Ì GL n .R/ and acts properly and cocompactly on R n . It follows that G is FP and cd G D n so G is Bredon-Poincaré duality of dimension n over any ring R with V D ¹mº.
Example 4.4.
Similarly to the previous example we can take
where the j th copy of C 2 acts antipodally on the j th copy of Z in Z n . Note that G is isomorphic to .D 1 / n where D 1 denotes the infinite dihedral group. As before G embeds as a discrete subgroup of Isom.R n / D R n Ì GL n .R/ and acts properly and cocompactly on R n . Thus G is FP and cd G D n, so G is Bredon-Poincaré duality of dimension n over any ring R with V.G/ D ¹0; : : : ; nº. More generally, we could take a subgroup
and form the semi-direct product of Z n with this subgroup. Although this gives us a range of possible values for V .G/, it is impossible to produce a full range of values with this method. For example one can show that a Bredon-Poincaré duality group of dimension 4 with the form Combining Theorems 1.5 and 1.8 of [7] gives the following example.
Theorem 4.7 (Block-Weinberger). There exists a short exact sequence of groups
with Q finite such that
(ii) There exists a cocompact manifold model for EK.
(iii) One has gd G < 1.
(iv) There exists no manifold model for EG.
Proof of Theorem 4.6. Let G be one of the groups constructed by Block and Weinberger in the theorem above. Since K has a cocompact model for EK, it has finitely many conjugacy classes of finite subgroups hence G has finitely many conjugacy classes of finite subgroups, since all torsion in G is contained in K. Let H be a finite subgroup of G, so H is necessarily a subgroup of K and the normaliser 
proving that the Weyl groups of finite subgroups have the correct cohomology. 
Actions on R-homology manifolds
Following [19] we define an R-homology n-manifold to be a locally finite simplicial complex M such that the link of every i -simplex of M satisfies
for all i such that n i 1 0 and the link is empty if n i 1 < 0. In particular M is an n-dimensional simplicial complex; M is called orientable if we can choose an orientation for each n-simplex which is consistent along the .n 1/-simplices and we say that M is R-orientable if either M is orientable or if R has characteristic 2.
A topological space X is called R-acyclic if the reduced homology H .X; R/ is trivial.
As for smooth manifolds, we have the following theorem:
Theorem 4.9. If G is a group acting properly and cocompactly on an R-acyclic R-orientable R-homology n-manifold M then 
Example 4.10. In [19, Example 3], Dicks and Leary construct a group which is Poincaré duality over R, arising from an action on an R-orientable R-acyclic R-homology manifold, but which is not Poincaré duality over Z. Here R may be any ring for which a fixed prime q is invertible, for example R D F p for p ¤ q or R D Q. Corollary 4.11. Let G be a group which admits a cocompact model X for EG such that for every finite subgroup H of G, X H is an R-orientable R-homology manifold. Then G is Bredon-Poincaré duality over R.
Remark 4.12. In the case R D Z we can drop the condition that M be orientable since this is implied by being acyclic. This is because if M is acyclic then 1 .M / is perfect, thus 1 .M / has no normal subgroups of prime index, in particular M has no index 2 subgroups. But if M were non-orientable then the existence of an orientable double cover (see for example [30, p.234] ) would imply that 1 .M / has a subgroup of index 2.
Let p be a prime and F p the field of p elements. A consequence of Smith theory [10, Chapter III] 
Corollary 4.14 (Actions on homology manifolds). The following statements hold.
In particular if all finite subgroups of G are p-groups then G is Bredon-Poincaré duality over F p . If p ¤ 2 and H is a finite p-subgroup of G then n n H is even.
(ii) Let G have an n-dimensional Z-homology manifold model M for EG. If p ¤ 2 is a prime and H is a finite p-subgroup of G such that M H is a Z-homology manifold then n n H is even.
Remark 4.15. Given a group G with subgroup H which is not of prime power order, looking at the Sylow p-subgroups can give further restrictions. For example if P i for i 2 I is a set of Sylow p-subgroups of H , one for each prime p, then by [54, Example 4.10], G is generated by the P i . Thus if G acts on an R-homology manifold then the fixed points of H are exactly the intersection of the fixed points of the P i .
One relator groups
The following lemma appears in [6, Section 5.2]. (ii) G contains a torsion-free subgroup Q of finite index (see [24] ).
(iii) The normaliser of every non-trivial finite subgroup F is finite. In fact, every such F is subconjugate to a finite cyclic self-normalising subgroup C of G, and furthermore the normaliser N G F is subconjugate to C (see [42, Propositions II.5.17 and II.5.19]). Thus,
If cd Z Q Ä 1 then Q is either trivial or a finitely generated free group so G is either finite or virtually finitely generated free. Thus G is Bredon duality over Z by Lemma 6.1, Remark 6.3, and Proposition 6.2. Assume therefore that cd Z Q D 2. Being finite index in G, Q is also FP 2 and
, thus by Lemma 4.16 Q is a duality group and G is virtual duality. Combining with (iii) above, G is also Bredon duality of dimension 2. In summary:
Proposition 4.17. If G is a one relator group with H 1 .G; ZG/ D 0 then G is Bredon duality over any ring R.
Discrete subgroups of Lie groups
If L is a Lie group with finitely many path components, K a maximal compact subgroup and G a discrete subgroup then L=K is a model for EG. The space L=K is a manifold and the action of G on L=K is smooth so the fixed point subsets of finite groups are submanifolds of L=K, using Lemma 4. Example 4.18. In [51, 52] , examples of cocompact lattices in finite covers of the Lie group Spin.2; n/ are given which are not virtually torsion-free.
Elementary amenable groups
The following proposition is a consequence of [35, 36, 45] , and has appeared in [43, Example 5.6].
Proposition 4.19. The following conditions on a virtually-soluble group G are equivalent:
(ii) G is virtually duality.
(iii) G is virtually torsion-free and vcd G D hG < 1.
(iv) G is Bredon duality. If G is elementary amenable FP 1 then the condition H n .G; ZG/ Š Z implies that G is Bredon-Poincaré duality, so for all finite subgroups
A natural question is whether this can ever occur for an elementary amenable, or indeed a soluble Bredon-duality, but not Bredon-Poincaré duality group. An example of this behaviour is given below.
Example 4.20. We construct a finite index extension of the Baumslag-Solitar group BS.1; p/, for p a prime:
The group BS.1; p/ is finitely generated torsion-free soluble with hBS. 
The reflection group trick
Recall Corollary 4.14, that if G has a cocompact n-dimensional Z-homology manifold model M for EG such that all fixed point sets M H are Z-homology manifolds, and H is a finite p-subgroup of G with p ¤ 2, then n n H is even. In this section we construct Bredon-Poincaré duality groups G over Z of arbitrary dimension such that, for any fixed prime p ¤ 2:
(i) All of the finite subgroups of G are p-groups.
(ii) V.G/ is any set with n n H even for all finite subgroups H .
The method of constructing these examples was recommended to us by Ian Leary and uses the equivariant reflection group trick of Davis and Leary which we review below. We only need a specific case of the trick, for a full explanation see [16, Section 2] or [15, Section 11] . Note that we write "" instead of "W ", as is used in [16] , to denote a Coxeter group so the notation cannot be confused with our use of W G H for the Weyl group.
Let M be an compact contractible n-manifold with boundary @M such that @M is triangulated as a flag complex. Let G be a group acting on M such that the induced action on the boundary is by simplicial automorphisms. Let be the right angled Coxeter group corresponding to the flag complex @M , the group G acts by automorphisms on and we can form the semi-direct product Ì G. Moreover there is a space U D U.M; @M; G/ such that (i) U is a contractible n-manifold without boundary.
(ii) Ì G acts properly and cocompactly on U. 
Proof. Since U is a model for E. Ì G/, the finite subgroup K necessarily fixes a vertex of U and hence is subconjugate to the point stabiliser. Examining the construction of U shows that the stabilisers of the vertices are all subconjugate to G and the result follows.
Theorem 5.3. Let G be a finite group with real representation W G ,! GL n R and, for all subgroups H of G, let n H denote the dimension of the subspace of R n fixed by H . Then there exists a Bredon-Poincaré duality group 0 Ì G of dimension n such that
Proof. Restrict to an action on .D n ; S n 1 / and choose a flag triangulation of S n 1 respecting the action of G (use for example [32] ). Now use the reflection group trick to obtain a Coxeter group , normal finite-index torsion-free subgroup 0 and space U. Lemma 5.1 gives that 0 Ì G is of type FP.
Since there exists an n-dimensional model for E 0 Ì G, we have that
Using the chain of inequalities
shows that cd 0 Ì G D n. It remains only to check the condition on the cohomology of the Weyl groups of the finite subgroups.
For any finite subgroup H of G, the Weyl group W 0 ÌG H acts properly and cocompactly on U.M H ; .@M / H ; W G H / which is a contractible n H -manifold without boundary. By Theorem 4.9 and Corollary 4.11 we have that
If K is any finite subgroup of 0 Ì G then, by Lemma 5.2, K is conjugate in Ì G to some H Ä G. In particular the normalisers of H and K in Ì G are isomorphic. Also, since 0 Ì G is finite index in Ì G, we have that N 0 ÌG K is finite index in N ÌG K. Calculating the cohomology,
From the short exact sequence
Example 5.4. We construct a group with the properties mentioned at the beginning of this section. It will be of the form G D 0 Ì C p m where C p m is the cyclic group of order p m .
For i between 1 and m let w i be any collection of positive integers and let
If c is a generator of the cyclic group C p m then C p m embeds into the orthogonal group O.n/ via the real representation
where R Â is the 2-dimensional rotation matrix of angle Â. The image is in O.n/ since we chose n such that 2w 1 C C 2w n D n. If i is some integer between 1 and m then there is a unique subgroup C p m iC1 of C p m with generator c p i , in fact this enumerates all subgroups of C p m except the trivial subgroup. Under , this generator maps to
In other words, the fixed point set corresponding to C p m i C1 is R 2w 1 C C2w i . Thus the set of dimensions of the fixed point subspaces of non-trivial finite subgroups of C p m are ¹2w 1 ; 2.w 1 C w 2 /; : : : ; 2. Since there were no restrictions on the integers w i , using this technique we can build an even-dimensional Bredon-Poincaré duality group with any V.G/, as long as all n H are even. The case n is odd reduces to the case n is even. Proposition 7.1 shows that if a group G is Bredon-Poincaré duality then taking the direct product with Z gives a Bredon-Poincaré duality group G Z where
Thus we can build a group with odd n H and V containing only odd elements by building a group with even n H and then taking a direct product with Z.
Low dimensions
This section is devoted to the study of Bredon duality groups and Bredon-Poincaré duality groups of low dimension. We completely classify those of dimension 0 in Lemma 6.1. We partially classify those of dimension 1-see Propositions 6.2 and 6.5, and Question 6.4-and there is a discussion of the dimension 2 case.
Recall that a group G is duality of dimension 0 over R if and only if jGj is finite and invertible in R (see [5, Proposition 9 .17 (a)]). Hence if G is Bredon duality of dimension 0 then G is finite and moreover G is Bredon-Poincaré duality.
Conversely, if G is finite then G is Bredon-Poincaré duality of dimension 0.
The duality groups of dimension 1 over R are exactly the groups of type FP 1 over R (equivalently finitely generated groups [ (1) G is Bredon duality over R, of dimension 1.
(2) G is finitely generated and virtually-free.
(3) G is virtually duality over R, of dimension 1.
Proof. That (2) ) (3) is [5, Proposition 9.17 (b) ]. For (3) ) (2), let G be virtually duality over R of dimension 1. Then by [20] , G acts properly on a tree. Since G is assumed finitely generated, by [1, Theorem 3.3] , G is virtually-free.
For (1) ) (2), if G is Bredon duality over R of dimension 1 then G is automatically finitely generated and cd R G D 1. By Lemma 2.4, cd R G D 1 so, as above, by [20] and [1, Theorem 3.3] , G is virtually-free.
For (2) ) (1), if G is virtually finitely generated free then G acts properly and cocompactly on a tree, so G is FP over R with cd R G D 1. As G is FP, for any finite subgroup K, the normaliser N G K is finitely generated. Subgroups of virtually-free groups are virtually-free, so N G K is virtually finitely generated free, in particular
where n K D 0 or 1. Thus G is Bredon duality over Z and hence also over R.
Remark 6.3. The only place that the condition G be R-torsion-free was used was in the implication (1) ) (2) the problem for groups which are not R-torsion-free is that the condition cd R G Ä 1 is not known to imply that G acts properly on a tree. If we take R D Z then cd Z G Ä 1 implies G acts properly on a tree by a result of Dunwoody [20] . We conclude that over Z, G is Bredon duality of dimension 1 if and only G is finitely generated virtually free, if and only if G is virtually duality of dimension 1.
Question 6.4. What characterises Bredon-duality groups of dimension 1 over R?
Proposition 6.5. If G is infinite then the following are equivalent:
(1) G is Bredon-Poincaré duality over R, of dimension 1.
(2) G is virtually infinite cyclic.
(3) G is virtually Poincaré duality over R, of dimension 1.
Proof. The equivalence follows from the fact that for G a finitely generated group, G is virtually infinite cyclic if and only if H 1 .G; RG/ Š R ([28, Theorems 13.5.5 and 13.5.9]).
In dimension 2 we can only classify Bredon-Poincaré duality groups over Z.
The following result appears in [43, Example 5.7] , but a proof is not given there.
Lemma 6.6. If G is virtually a surface group then G is Bredon-Poincaré duality.
Proof. As G is a virtual surface group, G has finite index subgroup H with H the fundamental group of some closed surface. Firstly, assume H D 1 .S g / where S g is the orientable surface of genus g. If g D 0 then S g is the 2-sphere and G is a finite group, thus G is Bredon-Poincaré duality by Lemma 6. G acts by affine maps on R 2 so again R 2 is a model for EG whose fixed point sets are submanifolds, and thus G is Bredon-Poincaré duality of dimension 2.
We conclude that orientable virtual Poincaré duality groups of dimension 2 are Bredon-Poincaré duality of dimension 2. Now we treat the non-orientable case, so H D 1 .T k / where T k is a closed non-orientable surface of genus k. In particular T k has Euler characteristic .T k / D 2 k and H has an index 2 subgroup H 0 isomorphic to the fundamental group of the closed orientable surface of Euler characteristic 2 .T k /. Thus H 0 D 1 .S k 1 / the closed orientable surface of genus k 1. If k D 1 then we have that H D Z=2 and G is a finite group, thus Bredon-Poincaré duality by Lemma 6.1. Assume then that k > 1, we are now back in the situation above where G is virtually S g for g > 0 and as such G is Bredon-Poincaré duality of dimension n, by the previous part of the proof. Proposition 6.7. The following conditions are equivalent:
(1) G is virtually Poincaré duality of dimension 2 over Z.
(2) G is virtually surface.
(3) G is Bredon-Poincaré duality of dimension 2 over Z.
Proof. That (1) , (2) is [21] and that (2) ) (3) is Lemma 6.6. The implication (3) ) (2) is provided by [8, Theorem 0.1] which states that any FP 2 group with H 2 .G; QG/ D Q is a virtual surface group and hence a virtual Poincaré duality group. If G is Bredon-Poincaré duality of dimension 2 then
and G is FP 2 so we may apply the aforementioned theorem.
The above proposition does not extend from Poincaré duality to just duality, as demonstrated by [55, p. 163] where an example, based on Higman's group, is given of a Bredon duality group of dimension 2 over Z which is not virtual duality. This example is extension of a finite group by a torsion-free duality group of dimension 2. In the theorem it is proved that the group is not virtually torsionfree, that it is Bredon duality follows from Proposition 7.4. Question 6.8. Is there an easy characterisation of Bredon duality, or BredonPoincaré duality groups, of dimension 2 over R?
Extensions
In the classical case, extensions of duality groups by duality groups are always duality [5, Theorem 9.10] . In the Bredon case the situation is more complex, for example semi-direct products of torsion-free groups by finite groups may not even be FP 0 (see [38] ). Davis and Leary build examples of finite index extensions of Poincaré duality groups which are not Bredon duality, although they are FP 1 (see [16, Theorem 2] ), and examples of virtual duality groups which are not of type FP 1 (see [16, Theorem 1] ). In [23] , Farrell and Lafont give examples of prime index extensions of ı-hyperbolic Poincaré duality groups which are not Bredon-Poincaré duality. In [43, Section 5] , Martínez-Pérez considers p-power extensions of duality groups over fields of characteristic p, showing that if Q is a p-group and G is Poincaré duality of dimension n over a field of characteristic p then G Ì Q is Bredon-Poincaré duality of dimension n. These results do not extend from Poincaré duality groups to duality groups however [43, Section 6] .
The only really tractable cases are direct products of two Bredon duality groups and extensions of the form finite-by-Bredon duality.
Direct products
Proposition 7.1. If G 1 and G 2 are Bredon duality (resp. Bredon-Poincaré duality) then G Š G 1 G 2 is Bredon duality (resp. Bredon-Poincaré duality). Further,
We need two small lemmas for the proof, the first is essentially contained in [25, Section 3] , and the second is a standard result. where 1 and 2 are the projection maps from G 1 G 2 onto the factors G 1 and G 2 .
Proof of Proposition 7.1. By Lemma 7.2 
Noting the isomorphism of RG modules
the Künneth formula for group cohomology (see [12, p. 109] ) is
Note that here we are using that
is assumed R-flat the Tor 1 term is zero. Hence the central term is non-zero only when i D n 1 L and j D n 2 L , in which case it is R-flat. If both G 1 and G 2 are Bredon-Poincaré duality then the central term in this case is R.
Finite-by-duality groups
Proposition 7.4. Let F , G and Q denote groups in a short exact sequence
where F is finite. Then if Q is Bredon duality of dimension n over R then G is also. Moreover, V.G/ D V.Q/.
Before we give a proof we need a technical lemma.
Lemma 7.5. The following statements hold. Proof of Proposition 7.4. Let K be a finite subgroup of G. Then
where the second isomorphism is Lemma 7.5 (i) and the third isomorphism uses Lemma 7.5 (ii) and the short exact sequence
Since Q is Bredon duality of dimension n, this gives the condition on the cohomology of the Weyl groups. By Lemma 7.5 (iii), G is FP 0 , and
by [50, Theorem 5.5] . So by Lemma 2.2, it remains to show that the Weyl groups of the finite subgroups are FP 1 . For any finite subgroup K of G, the short exact sequence above and [5, Proposition 1.4] gives that 1 .N Q .K// is FP 1 . But, as discussed at the beginning of the proof, N G K is finite index in
Graphs of groups
An amalgamated free product of two duality groups of dimension n over a duality group of dimension n 1 is duality of dimension n, similarly an HNN extension of a duality group of dimension n relative to a duality group of dimension n 1 group is duality of dimension n (see [5, Proposition 9.15] . We cannot hope for such a nice result as the normalisers of finite subgroups may be badly behaved, however there are some more restrictive cases where we can get results. For instance using graphs of groups of Bredon duality groups we will be able to build Bredon duality groups G with arbitrary V .G/.
Throughout this section, G is the fundamental group of a finite graph of groups. Let T D .V; E/ denote the associated Bass-Serre tree, we denote by G v the stabiliser of the vertex v 2 V and we denote by G e the stabiliser of the edge e 2 E. See [56] for the necessary background on Bass-Serre trees and graphs of groups.
We need some preliminary results, showing that a graph of groups is FP if all groups involved are FP. The following proposition is well known over Z, see for example [27, Lemma 3.2] , and the proof extends with no alterations to arbitrary rings R.
Lemma 8.1. There is an exact sequence, arising from the Bass-Serre tree.
Part (ii) of the next lemma is an immediate consequence of this long exact sequence. Part (i) is a consequence of the long exact sequence, the Bieri-Eckmann criterion for Bredon cohomology [46, Section 5] , and the fact that colimits preserve exactness.
Lemma 8.2. The following statements hold.
(i) If all vertex groups G v are of type FP n and all edge groups G e are of type FP n 1 over R then G is of type FP n over R.
(ii) If cd R G v Ä n for all vertex groups G v and cd R G e Ä n 1 for all edge groups G e then cd R G Ä n.
Lemma 8.3. Assume that there exists a positive integer n such that:
(ii) For every e 2 E, H i .G e ; RG e / is R-flat if i D n 1 and 0 otherwise.
Then H i .G; RG/ is R-flat if i D n and 0 else.
cannot be subconjugate to an edge group since they are assumed torsion-free. If K is a subgroup of G i then by Lemma 8.5,
and the condition follows as G i was assumed to be Bredon duality. Finally, for the trivial subgroup we must calculate H i .G; RG/, which is Lemma 8.3. The set V .G/ is easily calculable too,
Example 8.7 (A Bredon duality group with prescribed V .G/). We specialise the above example. Let V D ¹v 1 ; : : : ; v t º ¹0; 1; : : : ; n 1º be given. Choosing
let the edge groups be Z n 1 , and choose injections Z n 1 ! Z n and Z n 1 ! Z n Ì Z 2 from the edge groups into the vertex groups. Then form the graph of groups as in the previous example to get, for G the fundamental group of the graph of groups,
V.G/ D ¹v 1 ; : : : ; v t º:
Because of Remark 8.4 the groups constructed in the example above will not be Bredon-Poincaré duality groups.
The wrong notion of duality
This section grew out of an investigation into which groups were FP over some ring R with
One might hope that this naïve definition would give a duality similar to Poincaré duality; we show this is not the case. Namely we prove in Theorem 9.6 that the only groups satisfying this property are torsion-free, and hence torsion-free Poincaré duality groups over R. We need a couple of technical results before we can prove the theorem.
For The duality functor respects direct sums, showing the double dual of a projective is also a projective. 
ROEWK:
Proof. Firstly, observe that ROEG=H; G=K Š ROE.G=K/ H is a free WK-module, since if n 2 N G K such that gnK D gK then nK D K and hence n 2 K. Now, gK and g 0 K lie in the same WK orbit if and only if g.WK/K D g 0 .WK/K, equivalently gN G K D g 0 N G K, and gK determines an element of ROE.G=K/ K if and only if g 1 Hg Ä K. Thus there is one ROEWK orbit for each element in the set ¹gN G K 2 G=N G K W g 1 Hg Ä Kº.
Lemma 9.4. If there exists a length n resolution of the constant covariant module R by projective covariant Bredon modules then G is R-torsion free and satisfies cd R G Ä n.
Proof. Lemma 9.3 above implies that evaluating a free covariant Bredon module at G=1 yields a free RG-module. Thus evaluating a projective covariant Bredon module at G=1 yields a projective RG-module also. Let P R be a length n projective covariant resolution of R, evaluating at G=1 gives a length n resolution of R by projective RG-modules. Thus we have that cd R G Ä n and it follows that G is R-torsion free.
If M is an RG-module then we denote by IM the induced covariant Bredon module defined by IM D M˝R G ROEG=1; , or more explicitly, IM W G=H 7 ! M˝R G ROEG=1; G=H :
The functor I maps projective modules to projective modules and, by a proof analogous to [39, 9.21] , satisfies the following adjoint isomorphism for any covariant Bredon module A, Mor F .IM; A/ Š Hom RG .M; A.G=1//: Lemma 9.5. If cd R G Ä n then there exists a length n projective covariant resolution of R.
Proof. Let P be a length n projective RG-module resolution of R; we claim IP is a projective covariant resolution of R. One can easily check that IR D R so it remains to show IP is exact. Evaluating at G=H gives IP .G=H // Š P ˝R G ROEG=H ;
Since cd R G < 1, G is R-torsion free, thus jH j is invertible in R and R is projective over RH (see [5, (that R D Š 0 is Lemma 9.1). Since Mor F is left exact, we know both complexes above are left exact. Lemma 9.2 gives the commutative diagram below:
The lower complex, P , satisfies H 0 P Š R and H i P D 0 for all i ¤ 0. Thus the same is true for the top complex, and also the complex IQ D , since this is homotopy equivalent to it. In particular, there is an epimorphism of Bredon modules,
The left hand side simplifies, using the adjoint isomorphism IQ D n D Mor F .IQ n ; ROE‹; / Š Hom RG .Q n ; ROE‹; G=1/:
Since Hom RG .Q n ; ROE‹; G=1/.G=H / D 0 if H ¤ 1, this module cannot surject onto R unless G is torsion-free.
